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1. INTRODUCTION 
The invariance of the basic equations of one-dimensional gas flows under 
suitable transformations has attracted the attention of many investigators. 
In this connection the related works of Colin Rogers [I], L. A. Movsesian 
[2], E. D. Tomilov [3], A. A. Nikolskii [4], P. Smith [S] and A. Samad 
[6] may be cited. 
In his transformation, Movsesian [2] included a particle function (i.e., a 
function of Lagrangian co-ordinates) but the time co-ordinate is kept 
invariant. C. Rogers [ 1 ] obtained reciprocal relations for non-steady, one- 
dimensional, inviscid gas-dynamic and magneto-gas dynamic equations, 
keeping the space co-ordinates unchanged. Samad [6] generalized the 
results of both Rogers and Movsesian for unsteady, one-dimensional, 
inviscid gas flows. 
In this paper, reciprocal relations are constructed for the non-steady, 
one-dimensional f ow of an inviscid perfectly conducting gas under a trans- 
verse magnetic field. A new flow plane (x’, t’) is introduced in addition to 
the initial space-time flow plane (x, t). A very general class of solutions is 
obtained in the (x’, t’) plane by linking a known solution in the (x- t)- 
plane with a four-parameter class of solutions in the (x’, t’)-plane, each 
with its own equation of state. Section 2 deals with basic equations and 
their reciprocal relations. In Section 3 an extension has been made to cover 
the two-dimensional radially symmetric flows. Finally in Section 4 an 
illustrative example has been given. 
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2. RECIPROCAL RELATIONS 
The equations governing the non-steady, one-dimensional flow of a ther- 
mally non-conducting gas of infinite electrical conductivity in the presence 
of a transverse magnetic field may be written as (in rationalized MKS 
units) 
PI + (PUL = 0, (1) 
P(U, + fwx) + p, = 0, (2) 
B, + (WY = 0, (3) 
s, + us., = 0, (4) 
P = P + B21G?4, (5) 
together with an equation of state 
f(P, P, S) =o, ( 1 ap >o, ap., (6) 
where x, r, u, p, p and S denote, respectively, the linear space co-ordinate, 
time, velocity along the x-axis, pressure, density and specific entropy. 
B(x, t) denotes the magnetic field perpendicular to the x-axis and p, the 
magnetic permeability assumed constant. The suffixes x, t denote partial 
differentiation with respect to x and t, respectively. 
Equations (1) and (2) imply the existence of functions x’(x, t) and f/(x, t) 
such that 
dx’ = ( a0 + pF) dx - puF dt, (7) 
a,dt’=pudx-(P+pu2+a2)dt, (8) 
where aO, a, and a2 are arbitrary constants (a,, a, # 0) and F(x, t) satisfies 
the equation 
F, + uF., = 0. (9) 
Instead of (x, t) we take (x’, t’) as the new independent variables. The 
Jacobian of the transformation is 
Jca( x’, t’) -= -(P+a,)(u, +pF) -alpu2, 
w, t) 
(10) 
which is assumed to be neither zero nor infinite. We introduce the new 
variables p/(x’, t’) and u’(x’, t’) by the condition 
p’(dx’ - U’ dt’) = u,p(dx - u dt). (11) 
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Substituting for dx’, dt’ from Eqs. (7) and (8) and equating the coefficients 
of dx and dt, Eq. ( 11) gives 
p’(~,+pF-~uu’/~~)=pu3, 
p’[u’(P+pu2 +~~)/a, -puF] = -pus,, 
whence we obtain 
u’ = -zqu,/(P + a,), 
P’ = PQ,(J’ + dIC(P+ a2Nao + PO + P~QJ- 
Evidently, p’, u’ satisfy the equation 
p;, + (p’u’),~ = 0, 
(12) 
(13) 
(14) 
since the right side of Eq. ( 11) is an exact differential by Eq. (1) as is the 
left side of Eq. (11). Using Eqs. (7), (8), (12) and (13), Eq. (2) transforms 
to 
p’($ + u’u:,) + u,u;u,P,./(P+ u2)2 = 0. (15) 
Defining P’ by 
P’ = u4 - uou:u3/(P + a,), (16) 
where u4 is an arbitrary constant, Eq. (15) reduces to 
p’( u:, + u’u:‘) + P:, = 0. (17) 
Hence Eqs. (1) and (2) are preserved in the (x’, t’)-plane. Under the 
transformation (7) and (8) we get 
(18) 
so that Eq. (4) becomes 
s:, + u’s:, = 0, 
where S’ is a function of S alone, i.e., 
S’ = @j(S). 
Also in the (x’, t/)-plane, Eq. (9) becomes 
F,, + u’F,. = 0. 
(19) 
(20) 
(21) 
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This shows that if F denotes some property in the (x - t)-plane then F has 
the same significance in the (x’, t’)-plane also. 
If we take the magnetic field B’ in the (x’, t’)-plane in the form 
(22) 
where a2 is an arbitrary function of B/p, then we get 
B:, + (u’B’),~~ = [p;, + (p’u’),~] Qz 
0 
$ 
i.e., 
B;. + (u’B’) li, = 0, (23) 
because of Eqs. (3) and (14). Hence Eq. (3) for the magnetic field is also 
preserved in the (x’ - t’)-plane. Thus under the reciprocal relations given 
by 
a3~(P+a2) 
“= (P+a2)(ao+pF)+a,pu2’ 
S’= CD,(S), !L@* B 
P' 0 P' 
Eqs. (l)-(5) are preserved in the (x’, t’)-plane. Equation (24) gives 
ala3u’ 
u=P’- P= 
ao4a3 --a 
ad-P’ *’ 
aop’(P’- 4 
p=(P’-a4)(a3-p’F)+a,p’u’*’ 
(24) 
(25) 
where @I and Q2 are assumed to be invertible. 
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Thus we establish the following theorem: 
THEOREM. If 
4x3 t), f7-G t), P(X> t), S(x, t), w, t)lp(-5 t) 
constitute a solution qf Eqs. (l)-(4), then the system 
a, a,u(x’, t’) ada3 
P(x’, t’) - a4’ a4-P(x’, t’)-“’ 
a,p(x’, t’){ P(x’, t’) - a4} 
{ P(x’, t’) - a,} { a3 - p(x’, t’) F(x’, t’)} + a3p(x’, t’) a*(~‘, t’)’ 
(26) 
@,‘{S(x’, t’)), @; 1 $q ) 
i >I 
where F(x, t) is a solution qf Eq. (9), a,, a,, a2, a3, a4 are arbitrary con- 
stants and x’, t’ are given by Eqs. (7) and (8), also constitute a solution qf 
Eqs. (1) to (4). 
Using Eqs. (5) and (25), the pressure p is given by 
ada3 1 
=p-az-~ 
a,p’( P’ - a4) CD;- ‘(B//p’) ’ 
a4 - P’ (P’-a,)(a,-p’F)+aJp’u” 
(27) 
Corresponding to the equation of state given by 
.f(P, P> S) = 0 
in the (x - r)-plane, the equation of state for the reciprocal flow is given by 
f[a,~~~f~t’)-a2-$ 
w(P - 4 @; ‘(B/P) 
(P-a,)(a,-pF)+a,pu2 
ad(P - 4) 
(P-a,)(a,-pF)+a,pu2’@“(S) =” 1 
(28) 
u, P, p, S and B being functions of x’, t’. 
The equation of state (28) contains five arbitrary constants a, to a4, two 
arbitrary functions a1 and G2, and the particle function F. Some of the 
flows generated may be fictitious. However, by suitably adjusting the con- 
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stants a, to a4 and the functions @i, Qz and F, the relation (28) may be 
approximated to correspond to the equation of state of a real gas. 
If we take F = 0 and a0 = 1, the reciprocal relations (26) correspond to 
those given by C. Rogers [ 11. 
3. EXTENSION TO PLANE FLOWS SYMMETRIC ABOUT THE ORIGIN 
Now we consider the unsteady two-dimensional motion of a perfectly 
conducting gas which is symmetric about the origin. We take plane polar 
co-ordinates (r, 0), where r denotes the distance from the origin. The 
velocity and the magnetic field are of the form 
If= (4 01, B = (0, B), 
where u and B respectively denote the radial component of the velocity and 
the cross-radial component of the magnetic field. We assume that all the 
quantities are functions of r and t only. Then the equations of continuity 
and motion are 
(w), + (vu), = 0 (29) 
and 
p(u,+uu,)+p,+f-$(rB)=O. (30) 
Multiplying Eq. (29) by u and Eq. (30) by r, and adding we get 
(vu), + (rd), + P, = 0, 
where 
P,=rp,+Ee(rB), 
P ar 
i.e., 
P(r,I)=P(ro,t)+~‘[rp~+~~(rB)]dr, 
‘0 
(31) 
(32) 
The equations for the magnetic induction B and the entropy S are respec- 
tively given by 
B, + (uB), = 0, (33) 
s, + us, = 0. (34) 
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Equations (29), (31), (33) and (34) constitute the basic equations. 
Equations (29) and (33) suggest hat B is of the form 
-$=@Cr, t), 
where @(r, t) satisfies the equation 
$+u$o. 
(35) 
(36) 
As in Section 2, we introduce the variables (r’, t’) by the relations 
dr’ = (u. + rpF) dr - rpuF dt, (37) 
a,dt’=rpudr-(P+rpu2+u2)dt, (38) 
where ao( # 0), a,( #O) and a, are arbitrary constants and F satisfies the 
equation 
F, + uF, = 0. (39) 
Proceeding as before we can show that the quantities u’, p’, P’, S’ and B’ 
defined by 
u’ = -u,u, u/(P + a,), (40) 
r’p’ = u,rp(P + u,)/[(P+ ua)(uo + rpF) + u,rpu’], (41) 
s 
r’P:. dr’ = u4 - u,u: uJ( P + a,), (42) 
S’= @l(S), (43) 
and 
satisfy the equations 
(r’p’)[, + (r’p’u’),, = 0, 
(r’p’u’),. + (r’p’u’2)rj + P:, = 0, 
s;. + u’s:. = 0, 
(44) 
and 
B;. + (u’B’),, = 0. 
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Here a, to a4 are arbitrary constants, and Q1 and QZ are arbitrary 
functions of their arguments. 
Thus we see that for plane flows symmetric about the origin, we can 
obtain reciprocal relations under which the basic MFD equations remain 
invariant. 
4. AN ILLUSTRATIVE EXAMPLE 
As an illustration of the above results, we consider a very simple exact 
solution of Eqs. (l)-(4), viz., 
where u, k and b, are certain constants; Y (= C,/C,) is also assumed to be 
constant. This represents a hornentropic flow. For the solution given by 
Eq. (45), Eqs. (7) and (8) give an integration 
X 
x’=a,x+aG - , 0 I 
ax* k b 
a,f’=2t’+(Y-I)tY-,+;-a21, 
(46) 
(47) 
where 
G(x/t) = j-” F(z) dz, 
b = a*bf/(2p) 
and 
F(x/t) is the solution of the equation F, + uF., = 0, 
i.e., 
F, + f F, = 0. 
Linked with the hornentropic flow given by Eq. (45), we have the follow- 
ing class of solutions of Eqs. (l)-(4), 
I t-1 
fflff3X l 
U=kt’-Y+bt!-2-aad~ (48) 
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a,,at’me’(kt’-Y+ bt’-* --ad) 
P= (kt’- ‘+ bt’+*-~~)[a, -at’-lF(x’/t’)] + u3ux’2t’p3’ (49) 
P= w:a3 a,pkt’-Y-bt’-2-a*~ 
B = a,p(x’, t’), 
(50) 
(51) 
where p is given by Eq. (49), x’, t’ are given by Eqs. (46) and (47) and a5 is 
another arbitrary constant. For the new solution, the pressure p is given by 
p = P - B2/(2p) 
The equation of state for the new solution can be obtained as follows. 
From Eq. (52) we can obtain t’ as a function of p and p. Also, Eq. (49) can 
be written as 
1 -aX(x’/t’)* 
;=a,[a,-ktrpY-bh’-2] 
+ a3 t’ - aF(x’/t’) 
a,a . (53) 
Since the entropy S satisfies the same equation as F, S is a function of xl/t’ 
only, i.e., 
s = S(x’/t’). (54) 
By eliminating x’, t’ from Eqs. (52)-(54) we can obtain a relation among p, 
p and S which is the equation of state for the reciprocal flow. By suitably 
choosing F and the arbitrary constants ai (i=O, 1, 2, 3, 4, 5), the condition 
(@/LJp), > 0 for a real gas may be satisfied. 
The above example shows how very complicated solutions of magneto- 
gas-dynamic equations can be generated by using simple solutions. 
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